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We prove that if there is a Room square of side Y with a subsquare of side s, 
then there is a Room square of side 5(r - s) + s. This enables us to construct 
a Room square of side 257, thus proving that Room squares exist for all odd 
positive integer sides except 3 and 5. 
Suppose W is a set with r + 1 elements. A Room square R of side r 
based on PZ may be defined as an r x r array each of whose cells is empty 
or contains an unordered pair of the members of B’, which satisfies: 
I. each of the +(r + 1) possible pairs of elements occurs precisely 
once in R; 
ii. the cells of each particular row of R contain between them each 
of the members of 3 precisely once, and similarly for columns. 
The side of a Room square must be an odd positive integer. Several 
Room square constructions have been published, and it has been shown 
that there is a Room square of every possible side except 3, 5 and 257 
(see [4]); sides 3 and 5 are impossible. The main purpose of this paper is to 
prove that there is a Room square of side 257, thus answering the existence 
question for Room squares. 
In the definition of a Room square it is clear that the nature of the 
elements of B? is unimportant, so we can make any substitution we wish. 
It is often convenient to replace B by (0, 1,2,..., r). If this is done, and if 
the rows and columns are reordered so as to place (0, l}, {0,2},..., (0, r> in 
the diagonal positions, we shall say the resulting Room square is 
standardized. Clearly every Room square can be standardized. 
Suppose R is a Room square of side r based on 2, and suppose there is 
a set of q rows and a set of q columns such that, if all entries of R are 
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deleted except those in the intersection of the set of rows with the set of 
columns, the resulting q x q array is a Room square Q of side q based on 
some set 2. We say Q is a subsquare of R. We avoid triviality by saying Q 
is a proper subsquare when 0 < q < r, although permitting a subsquare 
of side 0 is useful in some parts of the subject. Every Room square has a 
subsquare of side 1. Other examples are given by the following important 
result of Horton [2]. 
LEMMA. If there is a Room square of side rl and there is a Room square 
of side r2 with a subsquare of side r3 then there is a Room square 
of side rl(r2 - r3) + r, with subsquares of sides rI , r2 and r8 , provided 
r, - r, > 6. 
Thus, for example, the existence of a Room square of side 9 with a 
subsquare of side 1 implies the existence of a Room square of side 57 with 
subsquares of sides 1, 7 and 9, as 
57 = 7(9 - 1) + 1. 
It has been shown that if a Room square of side r has a subsquare of 
side s, then r > 3s + 2 [l]. This means that the cases r - s = 2 and 
r -- s = 4 can never occur. Further, if r - s = 12, the only possible case 
isr=13,s=l;for,ifs>1,wehaves~7,andr-s~36.Thesefacts 
will be used below. 
THEOREM. Suppose there is a Room square of side r with a proper 
subsquare of side s. Then there is a Room square of side 5(r - s) + s with 
subsquares of sides r and s, except possibly when r = 13 and s = 1. 
Proof. Suppose R is a Room square of side r and S is a proper sub- 
square of side s. It is convenient to write r - s = 2n. Since S is a proper 
subsquare, s # 0 and r - s is even, so n is an integer. It is also convenient 
to assume that R is standardized and that S is based on 
(0, 2n + 1, 2n + 2,. . . , 2n + s], 
whence S occupies the last s rows and column of R: 
for some arrays A, B and C. 
We shall build a Room square of side 10~ + s based on the symbols 
(0, 1, , 2, ,..., (2n), , I1 ,..., (2n)4, 2n 4 1, . . . . 2n + s}. 
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To discuss these symbols we write sLo , %I , W, , W, and B!)4 for the sets 
wi = {li ) 2i )...) (2n)& 
and Y for the set 
Y = (0, 2n + 1, 2n + 2 ,..., 2n + s}. 
We first construct some arrays which between them will contain all 
the unordered pairs with both members in the same set. We already have 
S, which contains all unordered pairs involving members of Y, once 
each. We construct A, , A, ,..., A, , B, ,..., C, ,..., C, as follows : wherever 
{x, v} occurs in B we place {Xi , vi} in the same position in Bi , and similarly 
for C, ; this rule is also followed in constructing Ai whenever both x and y 
lie between 1 and 2n inclusive, but the other elements are left unchanged, 
so that {0, X> and {x, 2n + z} are replaced by (0, xi} and {xi, 2n + z} 
in forming Ai when 1 < x < 2n and z > 0. Then A,, Bi and Ci contain 
every pair with both members in Wi , and also every pair with one element 
in B?‘i and the other in Y. 
There remain the pairs with one member in Wi and one in BYj , where 
i # j. One would hope to work with pairs of orthogonal latin squares of 
side 2n, but attempts to use these failed. Instead we use latin squares of 
order n. Suppose P and Q are orthogonal latin squares of side n based on 
(1, L., n). We shall write Pi and Qi for P and Q with every entry x 
replaced by xi , when i = 0, 1,2, 3 or 4. Then we define Lij to be the 
array of unordered pairs whose (a, b) entry consists of the (a, b) entries of 
Pi and Qj . Finally we extend this notation to include entries Xi where 
n < x < 2n by defining Pi and Qi , where 5 < i < 9, to mean P and Q 
with each entry x replaced by (n + X)i-s . Then, for example, the arrays 
L,, , L,, , L,, and L,, contain between them all the pairs with one entry 
in LG?,, and the other in gr . (We could replace L,, by L,, , and so on.) 
We now arrange all these arrays in a master array of side IOn + s, so 
that every object occurs once per row and once per column. (This is 
enough to ensure we have a Room square.) The master array is shown in 
Fig. 1. Observe that the bottom right r x r and s x s blocks are the 
required subsquares. 
Finally, observe that we have made only one unjustified assumption: 
the existence of orthogonal latin squares of side n. These exist unless 
n = 1, 2 or 6. The only case of Room squares to be outlawed by this is 
n = 6, r = 13, s = 1, and it was omitted from the theorem. 
COROLLARY. There is a Room square of side 251. So there is a Room 
square of every odd side except 3 and 5. 
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FIGURE 1 
Proof. As we pointed out above, there is a Room square of side 57 
with a subsquare of side 7. The corollary follows because 
257 = 5(57 - 7) + 7. 
It is interesting to observe that the Theorem can be used to construct a 
Room square of side 65537. (A square of this side was first constructed in 
[3].) The construction is clear from the following string of equations. 
57 = 7(9 - 1) + 1, 
1457 = 29(57 - 7) + 7, 
13113 = 9 x 1457, 
65537 = 5(13113 - 7) + 7. 
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